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INTRODUCTION 
When Cameron and Martin [l] proved more than two decades ago 
that a simple scale transformation in Wiener space is measure- 
theoretically highly singular, the full implications of this bizarre 
phenomenon were far from being clear. We now know that their result is 
closely connected with the circumstance that a canonical transformation 
on a quantum field need not be implementable by a unitary operator- 
despite a long-standing and much-used physical folk theorem to this 
effect. The Cameron-Martin result provides indeed the first reported 
instance of this type of circumstance and relates to one of the most 
surprising and simple examples of unitary non-implementability. 
More specifically, and avoiding the heuristic connotations of 
terminology such as “quantum field,” let there be given a complex 
Hilbert space si and self-adjoint operators in R, pi and qk , where j and k 
range over an index set I, satisfying the “Heisenberg commutation 
relations” in the analytically cogent form due to Weyl: 
such a system is variously known as a “Weyl system,” a “representation 
of the canonical commutation relations,” a “system of Bose-Einstein 
quantum field variables,” etc. The system is called “irreducible” if 
there is no non-trivial closed linear subspace of A which is invariant 
under all the eiPjs and ei@J. When the index set I is finite, there is a 
result treated by Stone, and proved in its most cogent form by von 
Neumann, to the effect that, within unitary equivalence, there is a unique 
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irreducible such system. To put it another way, if the pi’ and the qk’ are 
another set of self-adjoint operators in the Hilbert space 53, forming an 
irreducible Weyl system, then there exists a unitary operator U on A 
such that 
UpJF = pjt uq,u-’ = qkl (j, k E I). 
The existence of a Weyl system for a given index set is shown by the 
Schrodinger operators, which were originally used quite independently 
of the Heisenberg commutation relations. The uniqueness result of 
Stone and von Neumann served to nail down firmly the lid on the idea 
that the Heisenberg and Schrodinger formulations were equivalent, 
and so was of great importance for the foundations of theoretical physics. 
It is now visible, more than three decades after the work, that the 
Stone-von Neumann theorem is also of great importance purely mathe- 
matically. 
On the other hand, when I is infinite, the situation has turned out to be 
different. The existence of a Weyl system was first indicated in a heuristic 
way by Fock; this work was transformed into a mathematically viable 
form and developed by J. M. Cook, who showed in particular that the 
operators pj and qk were indeed self-adjoint. That they satisfied the 
indicated (Weyl) relation remained non-trivial; one of the most direct 
ways to do this is with the aid of the result of Cameron and Martin [2] 
that vector translations in Wiener space by sufficiently regular functions 
are absolutely continuous. Having shown that the Weyl relations are 
satisfied, it is a matter of much moment for theoretical physical applica- 
tions whether canonical transformations 
are unitarily implementable in the indicated sense. The scale trans- 
formation x(t) -+ cx(t) in Wiener space is relevant to the transformation 
PY + CPi 9 qk + c-lqk (c” # 1); 
if the transformation in Wiener space had been absolutely continuous, it 
would have followed directly that the indicated scale transformation on 
the “canonical operators” (pj , qk} would have been unitarily 
implementable, the unitary operator in question being simply the 
induced action on functionals over Wiener space, of the scale transforma- 
tion, followed by multiplication by the square-root of the Radon- 
Nikodym derivative of the transformed measure with respect to the 
TRANSFORMATIONS IN WIENER SPACE 93 
Wiener measure. It is less simple to see conversely that the lack of 
absolute continuity of a transformation in Wiener space implies the 
non-unitary-implementability of the corresponding canonical trans- 
formation, but this is indeed the case (cf. [4]). Thus the failure of 
absolute continuity proved by Cameron and Martin can be regarded as 
the essential source of one of the most surprising instances of non- 
unitary implementability. 
Following this negative result, Cameron and Martin investigated 
positive results on the absolute continuity of linear transformations in 
Wiener space. They showed that, if the deviation of the transformation 
from the identity was compact and otherwise sufficiently regular and 
small, then the transformed measure was absolutely continuous relative 
to Wiener measure. It should come as no surprise that this result has 
certain implications for quantum fields; it serves in particular to imply the 
existence of the (“renormalized”) square of a certain such field, collo- 
quially known as the “massless scalar relativistic free field in two 
space-time dimensions.” More important, their work was a prime 
breeding ground for general ideas applicable to the treatment of non- 
linear functions of arbitrary relativistic free fields. While there are other 
approaches to such questions, the method of linear transformation in 
function space which they initiated provides the conceptually simplest 
and by far the most conservative “proof’‘-to the extent that such an 
extra-mathematical statement is capable of proof-that the square of a 
relativistic free field in four space-time dimensions, averaged over space 
at a fixed time, cannot exist as a bona fide self-adjoint operator- 
although such squares enter into much-used formal expressions for the 
energy or hamiltonian of the field. 
Squaring is the simplest instance of a non-linear operation on a 
quantum field, and its definite non-existence at a fixed time, as a self- 
adjoint-operator-valued distribution in space, clarifies the mathematical 
nature of the formal non-linear partial differential equations which have 
served traditionally as the basis for the dynamic theory of quantum 
fields. 
The next section gives a simple construction for the so-called “free” 
Weyl system on the basis of the elementary properties of Wiener space. 
It then derives as a formal implication of the suitable existence of the 
square of a “free scalar relativistic quantum field” the unitary imple- 
mentability of a certain canonical transformation on the foregoing 
free system. Finally the mathematical theory of such implementability, 
which is closely related to the linear transformation properties of 
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measures in function spaces, is used to deduce the contradiction that the 
unitary operator in question cannot exist, in the case of a space-time 
whose dimension exceeds one. 
WIENER SPACE AND THE ABSTRACT FREE QUANTUM FIELD 
A more general and often convenient formulation of Weyl system than 
that given earlier, which involves indices, is in terms of a pair of linear 
vector spaces in duality. If L! and ‘9JI are real linear vector spaces and 
(X,f) is a “pairing” of I! and 93, i.e., a given non-degenerate bilinear 
form (linear in x E 2 and f E mm>, an associated Weyl system (or Weyl 
system over the triple (2, !JJ$ (w, e})) may be defined as a pair of represen- 
tations U and V of the additive groups of 2 and Y.R by unitary operators 
on a Hilbert space Ji, such that U(tx) and V(tf) are continuous functions 
of t E R1 for all fixed x E 2 and f E ‘32, satisfying the relation 
U(x) V(f) = &J’V(f) U(x). 
When 2 (and hence mZ) is finite-dimensional, a choice of basis reduces 
such a system to one of the sort earlier considered, but for infinite- 
dimensional 52 the present notion is broader. 
An infinite Weyl system may be constructed from the basic properties 
of Wiener space in the following way. Let 0 denote the space C,[O, l] 
of all continuous real-valued functions on the interval [0, I] which vanish 
at 0, and let w denote Wiener measure on (5;. 
If h is a sufficiently regular element of tX, the transformationfhf + h 
is absolutely continuous on ((5, w). It is sufficient in particular if h is in 
the subset 5j of all elements h of Cc. which are absolutely continuous, 
and are such that the derivative h’ is of bounded variation. For any two 
elements h and K in $j, let (h, k) denote the integral Ji h’(t) h’(t) dt. For 
any function b of bounded variation on [0, l] and element f E 0, let 
Ji b(t) df(t) denote the quantity -Jif(t) db(t) + b( 1) f(l), obtained 
formally through integration by parts. 
SCHOLIUM 1. Let U and V denote the unitary representations of the 
additive group of $5, on the space L,(iI, w), given by the equations 
f&9 : F(f) - exp (-ic j g’(t) w) Kf) 
V(h) : F(f) + (dW,-l,/dW)l/2F(f + c-l/z) 
(c a positive constant) 
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(W E L,(& 4). Then (U, J’) f orm a Weyl system on L,(C, w) associated 
with $3, paired with itself via the pairing (a, a). 
Proof. It is straightforward that U and V are unitary representations 
of the additive group of 5, where in the case of V it is necessary to use the 
chain rule for the Radon-Nikodym derivatives: 
dw,,,lldw = (dwh,h’jdw,J(dw,Jdw). 
A similarly straightforward computation establishes the commutation 
relation between the U(g) and V(h): 
U(g) V(h) : F(x) ---f &$F(x + c&z) 
+ e-icJ!J’dz li *qx + c-lh), 
v(h) iqg) : F(X) + e+J~‘“qx> 
dw -1 + e e-icJs'd(z+c-~hQ7(X + c-lh) 
dw 
= e-iJg’dh 3l!k!k e-"cJQ'd~qx + +h) 
dw 
= e-i@*h)( U(g) V(h) F)(x). 
It is evident that the group U(tg) is strongly continuous as a function 
of t. The continuity of the group V(th), h fixed, follows readily from: 
(i) the unitarity of the group; 
(ii) the continuity as a function of t of V(th)F,(*), in the case of 
functionals F,(e) which are “tame” in the sense that they have the form 
where b is a bounded Baire function of n real variables; this continuity 
derives in turn from the circumstance that for linearly independent 
gl ,-,g,, the J4t)gdt) dt,..., s x(t) gJ t) dt have an absolutely continuous 
(in fact, normal) joint probability distribution in Rn; 
(iii) the density in L,(CC, w) of the class of all “tame” functions. 
End of proof. 
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Thus the absolute continuity of Wiener measure under translations 
in function space leads directly to a construction for Weyl systems. 
The identification of one of these systems with the so-called “free system” 
requires further considerations. 
For present purposes, it will suffice to introduce the free Weyl system 
in the following way. First, if (U, I’, 53) is any Weyl system associated 
with a linear space sl, paired with itself, it is convenient to introduce a 
mapping W defined on the complex extension 9’ = 9 + iJ3 of 5, and 
having values which are unitary operators on 53, by the equation 
W(x + ;r) = U(x) V(y) e--(i/2)(=,y). 
It is found that 
wcz) w(d) = ew)w~.~‘)~(z + ,q (*I 
for arbitrary z and z’ in 5’, where (z, z’) is defined as the natural 
hermitian extension of the given pairing on 5: 
(2 + i, x’ + iY’> = (x, x’> + <Y,Y’) + i((%Y’) - (X’,Y)). 
Moreover, W(tz) is for any fixed vector x a continuous function of 
t E R’ in the strong operator topology. Conversely, given such a mapping 
W from J3 + i$ to the unitary operators on a complex Hilbert space A, 
and having the property that W(b) is, in the strong operator topology, 
a continuous function of t for any fixed z, the mappings U = W j $ 
and V = W j if3 form a Weyl system in the sense earlier defined. 
If v is a given unit vector in 53, the system (W, 9, v) is called the 
“free Weyl system with vacuum vector 21,” or (more colloquially perhaps) 
“the abstract free (symmetric) quantum field with vacuum state vector 
V” in case: 
(i) v is a cyclic vector in 53 for the W(z), i.e., the linear combinations 
of the W(z) are dense in si; 
(ii) (W(z) v, v} = .c-(~~~)/~. 
It is known that, for any given complex pre-Hilbert space sj’, there is a 
unique associated free Weyl system, in the sense that, if (IV’, a’, v’) 
likewise satisfy the relation (*) and (i) and (ii), then there exists a unitary 
transformation from A onto 53’ which carries v into v’, and whose 
induced action carries W into W’. A Weyl pair (U, V) is said to be in the 
“free representation ” in case there exists a cyclic vector v for them such 
that (ii) holds. 
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SCHOLIUM 2. With the values c = 2-112 and v = the functional 
identically 1 on 6, the system indicated in Scholium 1 is the free Weyl 
system (with vacuum vector v). 
Proof. That z, is cyclic follows from its cyclicity for the U( f ) alone. 
That linear combinations of the U( f )v app roximate arbitrarily closely 
the tame functions is essentially equivalent to the approximability in 
L,(R”, dn), where n is a non-singular centered normal probability 
distribution, of an arbitrary bounded Baire function by finite linear 
combinations of the eicljxj, where the xi are the coordinate functions in 
R, , and the tj are arbitrary real numbers. This follows in turn from the 
unicity of Fourier transforms in R”. 
The evaluation of (W(z) v, v) proceeds as follows. Setting z = f + ig 
where f and g are real, W(z) = U( f ) V(g) e-(i/2)(fJ), so that 
(W(z) v, v) = f?-(ij2)(fJ)( V(g) v, q-f) v). 
By the expression for dw,/dw given in [2] (but with the normalization 
presently employed, according to which the variance of x(t) is t, rather 
than t/2 as in [2]), V(g) v is the functional whose value on the element 
xE&iiS 
e-(1/4c2)(g,g)e-cl/2c,Js'dae 
It is evident that U(-f) v is the functional whose value on x is 
&Yd3: 
Thus, (W(z) v, v) is the expectation value (i.e., integral over Wiener 
space) of 
exp [ -(Q)(f, g> - (1/4c2)(g, g> - (l/24 1 g’ dx - ic Jf’ dx]. 
The value of the Wiener integral of an expression of the form eJhdZ 
is deducible from the known form of the characteristic function of the 
normal probability distribution in a finite-dimensional space by a 
limiting argument as e ‘/‘fhz. Applying this to the evaluation of (W(x) v, v), 
it results that it has the value 
exp[-(c2/2K.f~.f) - (W”)(g, &I. 
When c2 = 4, this has evidently the required value. End of proof. 
It is interesting that, when c2 # 3, the Weyl system defined by 
Scholium 1 is definitely not a free system. It might be thought that, 
607/4/2-2 
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with a modified choice for v, these other Weyl systems would be free, 
but this is not the case. This circumstance can be understood from the 
observation that the different Weyl systems given by Scholium 1 are all 
related to the free one by a scale transformation; and this transformation 
is measure-theoretically highly singular in Wiener space. 
SCALAR FIELDS AND THEIR SQUARES 
A mathematical proof of the non-existence of an object which is 
defined only heuristically is, in the nature of things, an impossibility. 
However, an object which is defined with scientific, if not mathematical 
precision, may have corollary properties of a mathematical nature. If it 
can be shown that there exist on the one hand mathematical objects 
having these corollary properties, this serves as a measure of mathematical 
validation of the scientific development in question. If, on the other 
hand, it can be shown that there exist no (mathematical) objects having 
the corollary properties, this serves to refute the mathematical develop- 
ment in question, at least in the form in which it is defined. 
So it is with the “square” of a free field. Although the notion of a 
“free local quantum field” was for some decades following its introduc- 
tion of a heuristic nature, there is rather general agreement that it is 
quite appropriately represented by a certain well-defined mathematical 
notion (or complex of effectively equivalent notions). All that is relevant 
here is that the mathematical counterpart to the notion of “free local 
quantum field at a fixed time” is a certain self-adjoint-operator-valued 
distribution in space. Since one has a priori no more facility in squaring 
operator-valued distributions than numerically valued ones, the “square” 
of the free field is, in the first instance, a mathematically nebulous 
object. 
Nevertheless, such squares arise in the conventional heuristic 
formalism regarding free fields, notably in an expression for the 
“hamiltonian” of the field, a certain self-adjoint operator of fundamental 
importance in the subject. Now it is entirely possible, through the use 
of more recent methods to treat the hamiltonian of a free field in such a 
way that squares of the field make no explicit appearance whatever. 
However, when interacting fields are considered, squares and other local 
products of operator-valued distributions appear; and there is no known 
means of suppressing them, without abandoning non-linear partial 
differential equations (or some heuristically equivalent formulation, as 
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in terms of hamiltonians) as the basis of the theory-i.e., the means of 
specifying the temporal evolution of the system. 
Postwar attempts to clarify the murky and divergence-ridden founda- 
tions of quantum field theory led in fact to several schools which did 
exactly this. Attempts were made to build up the theory of quantum 
fields on a higher level of clarity and without appeals to opportunistic 
devices. It has however as yet proved to be extremely difficult, if not 
impossible, to give within such an “axiomatic” theory a means of 
specifying a particular dynamic system, having a degree of intuitive 
plausibility or formal analytical effectiveness remotely approaching that 
associated with non-linear relativistic partial differential equations. 
The simplest non-trivial free quantum field, the so-called (neutral 
relativistic) “scalar” field in four-dimensional space-time, say 4(x, t) 
in symbolic terms, is for each t a well-defined distribution in space. 
This means that, strictly speaking, there is no actual operator-valued 
function 4(x, t) on space-time, but only for each fixed t a well-defined 
mapping f 3 @(f, t), from sufficiently regular function f on space (it 
is quite sufficient, e.g., if these are infinitely differentiable functions 
of compact support) to self-adjoint operators in a complex Hilbert space 
52, having mathematical properties appropriate to the scientific (extra- 
mathematical) identification of @(f, t) with the intuitive idea of 
J +(x, t) f(x) dx. Th ere is a variety of compelling evidence that the 
identification in question is scientifically quite sound. On the other hand, 
attempts to find another such distribution, say @(2)(f, t), which is to be 
mathematically well-defined and similarly correspond to the intuitive 
idea of J(#(x, t))2f(x) dx, h ave been unsuccessful. There is even a good 
deal of evidence suggesting that, if any such distribution exists at all, it 
must be quite singular and have unfamiliar properties; but this is incon- 
clusive, especially as some novelty and singularity in the properties of 
squares and other non-linear functions is anticipated. 
A conservative scientific basis for the assertion: “the square of the 
scalar field at a fixed time in four-dimensional space-time does not exist 
as a self-adjoint-operator-valued distribution” can however be developed 
in the following way. Suppose that, by the elementary rules of reckoning 
in intuitive quantum field theory (formal algebra and integration), 
a definite mathematical assertion concerning the free field can be attained. 
The mathematical refutation of this statement then serves as a scientific 
disproof, within the least common denominator of the formal frameworks 
of intuitive quantum field theory, of the existence of any such distribu- 
tion @“(f, t). 
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It is important to decide this question for two main reasons. First, 
if the squares do not exist in the indicated sense, it is quite definite 
evidence of the need for radial mathematical innovations, if the idea of 
non-linear quantized partial differential equations are to be made 
effective. Second, the squares constitute a simplified variant of the 
“currents” which play an important role in recent physical theories; 
in the literature these currents are treated effectively as operators (i.e., 
operator-valued distributions); their treatment as such has been justified 
by the argument that the currents are conceptually physically observable 
and hence appropriately representable by bona fide operators. The 
non-existence of the squares would provide definite evidence that such 
arguments are oversimplified. 
It will indeed be shown in the following that a definite, non-trivial 
mathematical statement concerning free fields can be derived from the 
postulated existence of the square at a fixed time as a self-adjoint- 
operator-valued distribution, on the basis of elementary arguments 
within the least common denominator of theoretical practice in the 
intuitive theory of quantum fields. This statement is to the effect that a 
certain “canonical transformation” (cf. below and [4]) must be unitarily 
implementable. Next, using a result derived from the theory of trans- 
formations of measures in function space (more specifically the absolute 
continuity properties of such transformations), it will be deduced that 
the transformation in question is not unitarily implementable-in the 
case of four (or higher)-dimensional space-time. It follows also 
incidentally that, in the case of a two-dimensional relativistic space-time, 
the transformation in question is unitarily implementable; this result is 
closely connected with the known existence of the indicated square 
in this case (see [5]), as a bona fide self-adjoint-operator-valued 
distribution. 
MATHEMATICAL CONSEQUENCES OF THE EXISTENCE OF THE SQUARE OF 
THE FIELD 
Now let us deduce within the framework of elementary heuristic 
quantum field theory a mathematically non-trivial consequence of the 
existence of the square of the free field $(x, t). Let us suppose then that 
@‘Yf, 0 - I$(x, t12f(4 dx 
TRANSFORMATIONS IN WIENER SPACE 101 
exists as a self-adjoint operator in the complex Hilbert space R on which 
the field operators 
@UT 9 - /4(x, t)f(x) dX> $‘(f, t> - j-$&, W(x) dx 
act. The only properties of the first time derivative 4(x, t) of the field 
4(x, t) that are required are its commutation relation with the values of 
the field and its first time derivative at other points x’ at the same time 
t; the temporal development of the field, i.e., considerations involving 
more than one time t, are not significantly relevant here. The commuta- 
tion relations, in their usual heuristic form, are: 
There is presently no difficulty whatsoever in giving an essentially 
universally acceptable well-defined mathematical meaning to these 
relations, partly since they involve products of distributions at two 
different points, and partly since the Weyl relations serve to remove 
ambiguities connected with the involvement with unbounded operators. 
More specifically, it is well established that associated with the free local 
field (or, from one point of view defining the free local field), one has 
self-adjoint-operator-valued distributions @(f, t) and @(f, t) satisfying 
the relations 
eiO(f,t)ei‘w,t) = pu+s,t, , 
,i&f.t,,i&Q.tt = ei6rf+g,t) 
7 (*> 
ei@(fsf)eib(s,t) = e(i/Z)Jioei~(g.t),i~(f,t). 
Indeed, these operator distributions are essentially specializations from 
the free Weyl system (cf. below). It is known also that there exists a 
unitary operator r(t) such that 
J-(t) @(f, t) p-l = @(f, O), 
T(t) dqf, t) r(t)-1 = c&f, 0); 
there is thereby no essential loss, for present purposes, in restricting 
consideration to the case t = 0, and this will be done. As the dependence 
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on t need no longer be indicated, @(f, 0) will be written simply as a(f), 
and $(x, 0) as d(x). 
Thus one has the two distributions CD and 6 satisfying the relations 
In succinct and computationally convenient, if partially symbolic and 
intuitive, form these relations assert 
M(47 5w>l = CiM &41 = 0, 
[$$c),&‘)] = iqx - x’). 
Now consider the putative self-adjoint operator 
A = #~)“f(x) dx; 
.c 
this has no clear mathematical meaning, but let us “evaluate” its 
commutator with the Q(g) and 6(h), employing only the usual rules of 
algebra and formal integration, as if it were an operator. Then 
[A, WI = [ j W”f(4 dx, j 4(y) g(y) dy] 
=IS [dW2, 4(r)lf(4 g(y) dx dye 
Now for any two operators a and b, [a2, b] = ~[a, b] + [a, b]b; thus if 
c$(x)~ is in any algebraic sense effectively a square of 4(x), one should 
have 
bw2, $(Y>l = &4[#M +(Y)l + w>, +(Y)l4(4 = 0. 
Substitution in the expression for [A, Q(g)] shows that 
[A, @(g)l = 0. 
This result could have been anticipated, for the $(x) are mutually 
commutative, and A represents a putative generalized linear combination 
of their squares, and so should commute with each of them or any 
linear combination of them. 
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Applying the same method to [A, 6(g)] gives 
= J’s [4W2, &NW g(Y) dx dY 
= 2.u 4W 8(x - ~)f(x) g(y) dx dr 
= 2i s 4(x)f(x) g(x) d
= 2i@(fg). 
Assuming as we have that A corresponds to a bona fide self-adjoint 
operator, there will be associated a one-parameter unitary group eitA, 
and the transforms of Q(g) and 6(h) by these unitary operators will be 
well-defined self-adjoint operators. The effectiveness of the present 
approach is a consequence of the fact that these transforms may be 
“evaluated” in closed analytical form. Indeed, the commutativity of A 
and Q(g) implies at the intuitive level involved here that 
eitA@(g) e--itA - B(g). 
The transform of 6(h) is given by the series 
&A@(g) e-itA -f ad(ff’” &(g); 
0 . 
and all but the first two terms of the series vanish, for 
(ad A)26(g) = ad A(i@(fg)) = 0. 
In this way one obtains the result 
eitA&(g) @A 
- ad - 2qfg); 
the latter operator is not necessarily self-adjoint, but its closure is such. 
Thus the assumption that J$(~)“f(x) dx exists in a sense which is 
mildly coherent with the elementary manipulative techniques of intuitive 
quantum field theory leads to the mathematically quite unambiguous 
consequence: 
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There exists a one-parameter unitary group S(t) such thut 
SW @(A9 WY = @k>, 
S(t) 6(h) S(t)-l = closure of 6,(h) - 2t@(fh), 
for all g and h in the domain in question. The last relations can be 
“exponentiated” to a form which involves only bounded, indeed unitary, 
operators in which questions of domain concerning unbounded operators 
disappear completely. In the next section the question of whether there 
indeed exists a unitary operator V(s) of the indicated nature will be 
considered. 
MATHEMATICAL TREATMENT OF THE EXISTENCE OF THE INDICATED 
CANONICAL TRANSFORMATION 
It will next be shown how the existence of unitary operators such as 
the S(t) above may be disproved. 
THEOREM. Let (~3, @} denote the “free neutral scalar relativistic 
quantum field” as a pair of operator-valued distributions in space at a fixed 
time. If f is a non-zero real bounded and integrable function on space, the 
dimension of the space is at least two, and if t is any given non-zero real 
number, there exists no unitary operator S such that 
S@(g) S-l = @(L?), 
S@(h) S-l = closure of 6(h) - t@(fh) 
for all infinitely dff i erentiable functions g and h of compact support on 
space. 
Proof. In order for a unitary operator S to exist such that 
S@(g) S-l = Ylk), S@qh) s-1 = Y*(h), 
where ‘Pi(g) and Y2(h) are given self-adjoint operators (g E a, and 
h E 3, , say), it is clearly necessary that the pair (Yi , Ya) satisfy the 
same commutation relations as do (CD, 6). In the present case, it is a 
simple deduction from the original relations between @ and d, that the 
new pair u’,(g) = Q(g), Y,(h) = closure of 6(h) - t@(fh), do indeed 
satisfy these relations. 
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More generally, if 5 is any given complex pre-Hilbert space, there is 
as already noted a unique triple (IV, K, V) such that W maps 8 contin- 
uously into the unitary operators on the complex Hilbert space 53, 
while u is a cyclic vector in R for the W(X), and the following relations 
hold: 
Now if T is any continuous real-linear transformation on $5 leaving 
invariant the form Im(.a, a’) (i.e., so-called symplectic transformation), 
then the mapping W, , given by the equation 
satisfies the same commutation relation as does W. The original question 
of the existence of a unitary transformation S of the indicated nature is 
a special case of the question of the existence, for such a given T, of 
a unitary transformation S such that 
W*(z) = SW(z) s-1, ZE!ij. 
In this connection it is known from the absolute continuity theory of 
linear transformations in Hilbert space that this is the case if and only if 
T*T = I + K, where T* denotes the adjoint of T relative to 4j as 
a real Hilbert space (i.e., employing the real part of the inner product 
as a real symmetric form), and K is a real Hilbert-Schmidt operator. 
Let us see concretely how this criterion applies to the situation in 
hand. In the case of the free scalar field, it is known that, if $ denotes the 
Hilbert space L,(P), and B the operator (m21- 4)lj2, C = B1i2, then 
(within unitary equivalence) 
W) = WC-w @(f) = Q(Cf), 
where Q(z) denotes the self-adjoint generator of the one-parameter group 
W(w), s E R1. It may be verified, on the basis of the given relations for W, 
that the Weyl system (Y, , Y2) indicated above is the result of trans- 
forming the original one in the sense just indicated by the symplectic 
transformation 
T : g + ih + (g - 2tC-1M,C-1h) + ih, 
where M, denotes the operation of multiplication by f. More specifically, 
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this transformation emerges from the observations that the original 
transformation 
@k) + @(g), dqh) -+ d(h) - 2t@(fg), 
acts as follows in terms of the Q’s: 
qc-lg) + qc-lf), LyiCk) + LyiCk) - 2tQ(C4(fk)). 
On making the change of variable g’ = C-ig, h’ = Ch, this transforma- 
tion takes the form 
J-Q’) - Qk’h Lyik’) + Q(X) - 2tQ(C-lM,C-V’). 
This is the induced action of the symplectic transformation 
g’ - g’, iii’ --f ik’ - tc-lM,C-lh’, 
which is continuous since C-l is bounded and f is assumed bounded. 
Its inverse is the bounded symplectic transformation obtained by replacing 
s by --s; it is thus continuously invertible. The general result cited is 
thus applicable. The matrix of the transformation in question, relative 






and T*T is seen to be Hilbert-Schmidt if and only if CIMjC-l is such 
(its square is then a fortiori Hilbert-Schmidt). On taking Fourier 
transforms and applying the usual criterion it follows that this is the 
case if and only if 
s 1 C(k)-lf(k - k’) C(k’)-l 1-l dk dk’ < co, 
it being assumed now that f E L, , and C(k) denoting the function giving 
the multiplicative action on the Plancherel transform of C on a given 
function. 
TRANSFORMATIONS IN WIENER SPACE 107 
Applying the Fubini theorem, after the change of variable k --f k - k’, 
k’ -+ k’, a necessary conditions for the integral to be finite for any 
non-trivial f is that the convolution 
.r 1 C(k + ’)-1 12 1 C(k’)-2 dk’ 
be finite on a set of positive measure; but this condition is violated in the 
case C(K) = (m2 + K2))1/2 presently in question, when space has 
dimension at least two. End of proof. 
CONCLUDING REMARKS 
In the case of the l-dimensional space, the convolution in question 
exists, and it is found that the operator in question is indeed Hilbert- 
Schmidt if f is moderately regular, say bounded and of compact support. 
Thus there is a unitary operator s(t) implementing the indicated 
transformation. This s(t) is unique within a constant factor, since the 
W(z) are known to form an irreducible set, and thus give a projective 
representation of R1 by unitary operators on 9. It is readily verified, 
using the given expression for (W(x) U, V) and the cyclicity of V, that this 
representation is continuous, and from this it is deducible that there is 
indeed a self-adjoint operator A which has the indicated commutation 
properties with the +( x and h(x). This A is unique only within an ) 
additive constant; the ambiguity in its definition may be removed by the 
convention that (Au, V) = 0 (it being readily verified that v is in the 
domain of A). With this normalization A can be identified with an object 
in the intuitive theory known as the “Wick square” of the field, originally 
defined in an entirely different way. 
Higher powers than the second may be defined recursively, as the 
second power was defined in terms of (the first power of) the field 
itself. They exist rather generally as well-defined generalized operators, 
from the domain 9 of all infinitely differentiable vectors with respect to 
the so-called “free hamiltonian,” to a class of generalized vectors con- 
taining the Hilbert space R as a proper subset (cf. [6]). In general 
however-in particular for the second or any higher power, integrated 
over space, taken as compact (i.e., in colloquial language, with periodic 
boundary conditions in space), of dimension at least two-every non-zero 
vector in D is mapped outside of R. 
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On the whole, probability in classical function spaces, particularly in 
the vein created by Wiener and developed by Cameron, Martin, and Kac, 
has had a vital impact on the development of the mathematical theory of 
quantum fields, of which the present article affords only one limited 
indication. The day may well come when conversely, developments of 
the latter theory have significant impact on stochastic process theory. 
This seems particularly likely in the study of invariant processes whose 
temporal development is prescribed by a given non-linear partial differen- 
tial equation, a subject now in its infancy; the invariance requirements 
appear to force, as they do in the case of quantum fields, the consideration 
of processes of a highly generalized nature, on which non-linear opera- 
tions can be performed only in a generalized sense such as that indicated 
above. 
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